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Introduction
The maximization of profits is the overall objective of any company. Attaining this objective nearly always implies decision making under uncertainty. This uncertainty generates risk for the company. In the case of a power producer, he has the goal to sell the energy produced generating the best possible profit. For energy trading, several markets and several products exist. The relevant markets are the electricity markets and the related commodity markets, such as coal, gas or CO 2 markets. These markets are subject to different kinds of uncertainties. In this article the focus is on the electricity markets, because they are most important for a power producer. Prices on electricity markets depend, inter alia, on current demand, outages of the plants, fuel prices, temperature or current wind and solar power production, which all are stochastic. The calculation of the optimal trading strategy thus is a stochastic problem. The share of profits exposed to uncertainty corresponds to the economic risk incurred by the power plant operator. Maximizing the profit and minimizing the corresponding risk are hence complementary objectives for a power producer. A closer look at the electricity markets and the available products for trading electricity leads to the distinction of spot and futures markets. Spot market products are more flexible than futures market products, but risk on spot markets is in general much higher than on futures markets. So, operators usually engage in hedging on futures markets as an instrument for minimizing overall risk (cf. e.g. RWE AG (2014) p. 8). But the futures markets for electricity show a limited liquidity. This has an important implication: Power producers are not necessarily price takers on futures markets, but they can rather impact prices on futures markets by their own trading activity. Due to this strategic aspect, it is difficult to determine optimal hedging strategies in electricity markets with limited liquidity. An approach to 1 calculate optimal hedging strategies under limited liquidity is proposed by Woll and Weber (2015) . They calculate the optimum based on a modified version of the classical meanvariance approach going back to Markowitz. Measuring risk by the variance, however, is not always appropriate. In practice, many decision makers for example prefer downside risk measures for their risk management. Thus, the question arises whether and how optimal hedging strategies depend on the applied measure of risk in markets with limited liquidity.
We give an answer to this question by first reviewing the relevant literature on mean-risk approaches in section two and the relevant risk measures in section three. Section four develops the modelling framework and section five contains the application to electricity markets. The article ends with a conclusion of the main results and their economic impacts.
Mean-Risk Hedging Strategies in Literature
Hedging comprises trading strategies with the objective to minimize the risk of a company.
Usually these trading strategies create a portfolio consisting of different hedging products or trading activities of one hedging product over time, or both. Thus, finding the optimal hedging strategy leads to a portfolio optimization problem. There also exists a broad literature on mean-risk hedging in the context of asset portfolios and option pricing, such as Föllmer and Sondermann (1986) , Schweitzer (1992) or Gourieroux et al. (1998) . This kind of hedging is related to asset potfolios and focusses on the terminal value of a portfolio.
Furthermore liquidity is not regarded in these articles. In this article we will focus on optimal hedging decisions.
The literature on portfolio optimization is going back to Markowitz (1952) , who provides a general mean-variance portfolio selection problem. Here the objective is to maximize the risk-adjusted return of a portfolio and the returns are assumed to follow a multivariate normal distribution. Many works on the role of risk in portfolio selection have followed. The work of Sharpe (1964) links the portfolio selection to the CAPM and Tobin (1958) investigates liquidity preferences in the sense of accounting liquidity. Baumol (1963) is the first who criticises the variance as a measure of risk and proposes the expectation minus the K-weighted standard deviation, with K being any real number as an alternative risk measure.
1 More recently, Alexander and Baptista (2002) compare the mean-variance approach with a mean-VaR approach. They show that it could be efficient to select portfolios with larger standard deviations when switching from variance to VaR as a measure of risk and thus emphasise that "VaR is not an unqualified improvement over variance as a measure of risk". Rockafellar and Uryasev (2000) present the Conditional
Value-at-Risk as "a new approach to optimizing or hedging a portfolio of financial instruments to reduce risk". They focus on computational issues and give some applications.
With regard to electricity markets, there are several works on mean-risk optimization in the context of operational portfolio management, such as Eichhorn et al. (2005) , Xu et al. (2006) and Woll and Weber (2015) . Whereas the first two articles focus on optimal power plant scheduling, the latter deals with trading forward contracts for hedging purposes. In addition, Woll and Weber (2015) address the case of limited market liquidity and its impact on optimal hedging strategies. Lo et al. (2003) have done some work on the impact of liquidity to the efficient frontier of a portfolio selection model, but without a direct link to hedging strategies over time.
To complement the literature on mean-risk hedging strategies, we want to analyze the impact of mean-VaR and mean-CVaR optimization on hedging in the case of illiquid markets. Before giving the mathematical formulations for the optimization, we compare the risk measures used in this article.
Comparison of different risk measures
A classical measure for quantifying risk of an uncertain objective Z, such as cash flows, profits, or returns is the variance given as
with f(z) the corresponding probability density.
is the expectation or rather the mean of Z. The variance and its square root, the standard deviation (Std(Z)), are measures for the statistical spread of a random variable Z and are often used in economic models, e.g. the mean-variance models going back to Markowitz (1952 
4 (see Jorion (2001) 
In many applications, the random variable Z can be assumed to be normally distributed ). , ( 
Assuming again a normal distribution for Z, the analytic expressions for the CVaR are
It is obvious that the following relations will hold for every random variable Z, Using a position independent risk measure, the risk obtained e.g. for two different strategies may be the same, even though the absolute risk of one alternative be much larger implying a larger loss, than for the other alternative. This illustrates the need for an appropriate
6 choice of the risk measure depending on the application. Consequently the implications of the different measures need to be investigated.
Mean-Risk Hedging Strategies with Limited Liquidity
As mentioned in the introduction, hedging in energy markets and especially in electricity markets has to cope with limited market liquidity on forward markets. Therefore, we need a modelling framework taking into account that trading activities derived from mean-risk hedging strategies will have an influence on the market price of hedging products. Woll and
Weber (2015) develop such a framework for mean-variance hedging strategies under limited liquidity. We take this modelling framework as a starting point and extend it with regard to different risk measures, absolute and relative VaR and CVaR. Thereby, we show that depending on the measure of risk, hedging strategies may exist which outperform the naïve risk-minimizing strategy of full hedging at the first time-step both in terms of profit and risk.
General Mean-Risk Hedging with Limited Liquidity
Following Woll and Weber (2015) limited liquidity is considered through a linear price-
with x t the trading volume in a certain time step t, and β the illiquidity parameter of the market. p u,t is the price at sales quantity zero and β the slope of the inverse residual demand (or price-sales) function. 2 Thus, the higher the liquidity in the market, the lower the value of β. The price p u,t is assumed to be a normally distributed random variable, whereas β shall be non-stochastic in order to keep the problem quadratic.
We label V 0 the size of the portfolio. In the general mean-risk case, optimal hedging strategies under limited liquidity can be derived by maximizing the risk adjusted return:
This is equivalent to the minimization problem:
The set of efficient hedging strategies -i.e. the efficient frontier in a μ-ρ diagram -may then be determined by solving the following optimization problem for different values of μ (cf. Merton (1972) :
Here, μ considers the linear price-impact function. This leads to the following Lagrangian function and the corresponding first order conditions.
Mean-Variance Hedging Strategies with Limited Liqudity
Woll and Weber (2015) consider the optimal hedging strategy for an electricity sales volume over T discrete time steps with respect to the variance (σ 2 ) as the measure of risk. This leads to the following optimization problem: The solution of this optimization problem is derived using the Lagrange method. The optimal hedging strategy in Woll and Weber (2015) is given by 
Here, C is the covariance matrix,
λ is the Lagrangian multiplier corresponding to the equation for the given value of the expected return. Figure 2 summarizes the results of Woll and Weber (2015) . The main result is that limited liquidity reduces profits. Furthermore, the quantity to be hedged has an impact on the optimal solution: The larger the sales quantity, the later one should hedge. Here A denotes the minimum risk strategy of selling the entire volume at the first time-step and B denotes the point with maximum profit -at constant liquidity over time this corresponds to a uniform partition of the whole sales volume to the regarded trading months. The figure shows that the efficient frontier is monotonously increasing and that an increasing liquidity, i. e. smaller β, leads to a flatter efficient frontier. Thus, for a given target return on risk (cost of risk capital), the optimal μ-σ tradeoff will move towards point A and therefore lead to earlier hedging. In the case of perfect liquidity ( 0 = β ), only the point of selling everything immediately is optimal. (4) and (7) is it obvious, that these risk measures can be written as
with k 2 =0 for the relative measures and k 2 =1 for the absolute measures. Using this functional relation in (18) the optimization problem can be reformulated to:
Using again the Merton approach it is obvious, that equation (14) and (15) 
In this case it is obvious that the risk ρ depends on the illiquidity parameter β. It is already included in the expression for the mean and the mean is part of the risk term. This is a remarkable difference to the case of position independent measures, where ρ is only a multiple of the standard deviation σ (see equation (9) and (18)). However, the most important difference is that the minimum risk hedging strategy may change. Figure 4 illustrates the shapes of the efficient frontiers for the case of position dependent risk measures. It is obvious that in this case the efficient frontier may no longer be expressed as a function µ(ρ), because two different profit levels exist for some risk levels and the point A, corresponding to hedging immediately the entire volume at the first time-step, is no longer the point with minimum risk. The point with minimum risk is labelled here C and B is again the point with maximum profit and the corresponding uniform distribution of sales over time.
Given the form of the efficient frontier the optimal hedging strategy should be selected with special circumspection. In classical mean-variance optimization, the Sharpe-ratio (c.f. Sharpe (1964)) (and possibly the CAPM) are often used to derive the optimal portfolio. When changing the measure of risk, the link to the Sharpe-ratio is however no longer obvious.
Therefore we focus in the following on the minimum risk strategy as a key element for decision support (cf. e.g. Perold and Sharpe (1988) ).
The minimum risk strategy for position independent risk measures is the same for all risk measures. It is the strategy of hedging the entire volume at the first time-step, because risk increases over time. In the case of position dependent risk measures, strategies exist with lower risk and higher mean, so that the immediate hedging strategy is obviously inefficient with respect to the chosen risk measure.
A necessary condition for an interior risk minimum is that the derivative of the risk with respect to the mean is equal to zero. Using the realtion (18) For the position independent risk measures, the minimum risk strategy will be the same for all risk measures: it is the strategy with selling the entire volume in the first time-step. This means that liquidity has no influence on the minimum risk strategy for position independent risk measures. The results for the impact of limited liquidity as in Woll and Weber (2015) (see section 4.1) will hold for strategies with a higher risk than the minimum risk strategy, because the shape of the efficient frontiers will only be shifted and stretched by liquidity limitations.
Application
We follow Woll and Weber (2015) for the setting for the application. We consider the case of hedging a given volume of electricity V 0 by selling the forward product for a continuous band delivery for one year, called yearly base product. We start hedging 12 months before delivery and consider 13 time steps for hedging, including immediate hedging and hedging once per month in the 12 remaining months. The values for the parameters are given in the following The covariance matrix C is constructed according to Woll and Weber (2015) as With these parameters, we compute the corresponding optimal hedging strategies and minimum risk portfolios for the different risk measures according to equation (24), (25) and (28). Figure 5 illustrates the different efficient frontiers for the different measures. Since the minimum risk strategy is invariant under changes in liquidity and portfolio size for position independent risk measures, the following sensitivity analysis for the liquidity parameter β, the portfolio size V 0 , and the price at sales quantity zero p 0 are only performed for the position dependent case and illustrated for the absolute CVaR.
The sensitivity analysis for the liquidity parameter β shows that minimum risk decreases with an increasing liquidity of the market. The corresponding mean in the minimum risk strategy increases simultaneously. Figure 7 shows these results. The optimal hedging strategies indicate that with an increase in β, corresponding to a more illiquid market, the hedging strategy in the minimum risk case is to postpone hedging.
A sensitivity analysis for the total hedging volume V 0 shows similar results (cf. Figure 8 ). The minimum risk increases with an increasing quantity and the corresponding mean decreases. The hedging strategies corresponding to the different minimum risk cases explain these results. The hedging share in the first month decreases with an increasing total volume.
Price reactions are then larger and it is hence optimal to sell later for the producer. Figure 9 shows a sensitivity analysis with respect to the price level p 0 . Obviously the price level has no influence on the minimum risk strategy, when we assume that the price level A sensitivity analysis with respect to the standard deviation σ 1 used for the calculation of the covariance matrix is shown in Figure 10 . As expected, the riskier the market the earlier the hedging will be done. Within these frameworks the RiskCapital is usually interpreted as absolute loss and thus position dependent risk measures, such as the absolute VaR and CVaR, are used for calculation (see Scherpereel 2006) . A further aspect why absolute measures are used for calculating the RiskCapital is the possibility of capital allocation, which is important for the planning of the optimal capital structure of a company and the determination of specific risk limits for different business units. Therefore the characteristic of absolute VaR and CVaR being translation invariant and, in the normally distributed case, subadditive is important because of the diversification effects of risk (see Scherpereel 2006) . In contrast, the relative VaR and CVaR do not have the property of being translation invariant. Adding a risk free element to the portfolio will then not reduce the risk by the value of this risk free element.
For practical risk management using EVA and RORAC the results from the previous section are very useful. The RORAC corresponds to the slope of the μ-ρ diagram. Considering a given hurdle rate for the RORAC the strategy would be to increase risk until the expected return is covered. Usually this meets a higher risk than the minimum risk. In order to derive an optimal hedging strategy for a perspective hurdle rate, this strategy can be determined analogous to the determination of the optimal portfolio in Woll and Weber (2015) .Thus the slope of the efficient frontier has to be numerically calculated and the optimal strategy corresponds to the first point with a slope smaller than the perspective hurdle rate. This implies that capital is not scarce.
Conclusion
This article investigates mean-risk hedging strategies under limited liquidity and studies the impact of using different risk measures for the resulting hedging strategy. The risk measures are distinguished in position independent measures (Variance, relative VaR, relative CVaR) and position dependent measures (absolute VaR, absolute CVaR). A key result is that the minimum risk strategy for the position independent measures is not affected by market liquidity. In this case, the minimum risk strategy always corresponds to the immediate hedging of the entire open position. In contrast, liquidity has an impact on the minimum risk strategy when position dependent measures are employed. Due to the dependence of the absolute risk measures on the mean, there exist strategies with lower risk and higher mean than the immediate full hedging strategy. As a third result, our modelling framework enables us to link back the the minimum risk strategy for all investigated risk measures to the efficient frontier in the mean-variance case. This allows computation of the corresponding minimum-risk strategies. In addition, the results on the impact of limited liquidity in the mean-variance case from Woll and Weber (2015) are found to hold analogously for these more general mean-risk cases. Notably higher liquidity leads to earlier hedging in the minimum risk strategy and the total hedging volume has an influence on the minimum risk strategy. In addition, for practical risk management the results of the article emphasises how the choice of the risk measure can influence instruments for value based risk management.
